Introduction
Conventional particle impact damping ͑PID͒ features elastic deformation and momentum exchange, which cannot exhaust most of the vibration energy, but reverberate it among impact partners or mode shapes ͓1͔. Therefore the research of energy dissipation due to plastic deformation in particle impacts plays an important role in improving the performance of PID. Moreover, the simulation of granular flow ͓2,3͔ where millions of particles collide with each other also relies on the understanding of binary collision of two spheres. Since finite element analysis ͑FEA͒ or iteration methods usually result in a large amount of computation resources occupation and time consumption for millions of impacts to occur in the PID system, to obtain an analytical solution of the elastoplastic impact between two spheres has become a hot research topic in the past two decades. In the PID system, the particle size usually ranges from 200 m to 20 mm, in which the surface tension could be ignored, unlike that in nanoscale impacts ͓4͔.
Johnson ͓5͔ summarized the theoretical, numerical, and experimental findings of elastoplastic impact research before 1985 and achieved an expression for the coefficient of restitution, which is valid in impacts at moderate speeds ͑up to 500 ms −1 ͒ on the premise of a fully plastic indentation.
Stronge ͓6͔ developed Johnson's theory ͓5͔ and divided the impact process into four stages: elastic impact before onset of yield, quasistatic elastoplastic indentation, fully plastic indentation, and elastic unloading from maximum indentation. All relevant formulas have been obtained and the square of coefficient of restitution is expressed as a ratio of recovery kinetic energy to strain energy during compression. Thornton ͓7͔ found that the coefficient of restitution obtained from Stronge's model ͓6͔ is larger than unity at low speeds, and he deduced a set of formulas and arrived at an expression of coefficient of restitution only relevant to the ratio of initial velocity to yield velocity. Furthermore, Wu et al. ͓8͔ investigated the normal impact of an elastic spherical particle with a substrate, which is assumed to be elastic or elastoplastic, by means of the finite element method.
Zhang and Vu-Quoc ͓9͔ modeled the dependence of the coefficient of restitution on the impact velocity in elastoplastic collisions with dynamic FEA, which verified the normal forcedisplacement ͑NFD͒ model presented by Vu-Quoc and Zhang ͓10͔ and the counterpart of the force-driven model proposed by VuQuoc et al. ͓11͔. The model proposed by Vu-Quoc and Zhang ͓10͔ has been validated by experiments ͓12͔. In addition, the companion elastoplastic tangential force-displacement ͑TFD͒ model is proposed in Refs. ͓13,14͔.
Mesarovic and Fleck ͓15͔ performed an accurate numerical study of normal indentation of an elastoplastic half-space by a rigid sphere. Moreover, Mesarovic and Johnson ͓16͔ examined the process of decohesion of two adhering elastoplastic spheres following mutual indentation beyond their elastic limit. Their FEA results revealed that, for elastic-perfectly plastic materials, the contact pressure at the end of loading is approximately uniform.
Kogut and Etsion ͓17͔ developed a loading model and Etsion et al. ͓18͔ developed an unloading model of elastoplastic spherical contact. The dissipated energy due to plastic deformation was discussed and an elastic plastic loading ͑EPL͒ index ͓18͔ was defined to indicate the plasticity level of the loaded sphere. The dimensionless expressions, obtained from the results of many cases with different materials and geometrical parameters, are applicable to the elastoplastic contact of identical spheres.
More recently, Weir and Tallon ͓19͔ found that the coefficient of restitution depends on geometry and history, and Weir and McGavin ͓4͔ reported that new regimes will arise at the nanoscale.
With the plastic deformation involved, the impact becomes so complicated that an accurate theoretical solution is difficult to obtain. Despite its approximation, the theoretical model has the advantage of its applicability to the different materials and different spherical sizes, and its foundation to find out the effects of all the primary parameters involved in the impact process. From the above literature review it can be seen that an analytical solution obtained from the theoretical model and verified by means of other methods is still missing. The main goal of this paper is to develop a theoretical model for normal impact of two spherical, isotropic, and perfectly elastoplastic bodies with frictionless surfaces. FEA results will be compared to verify the proposed model. This model is helpful to understand the effect of impact parameters such as velocity, yield strength, elastic modulus, mass density, etc., on the coefficient of restitution, to provide a foundation to predict the performance of PID containing plastic deformation and to model the impact damped vibration system enrolling microparticles as a damping agent ͓20͔.
Model of Elastoplastic Impact Between Two Spheres
As shown in Fig. 1 
Basis and Assumptions of Model.
In this model, we suppose that the two spheres with normal contact are made of the perfectly elastoplastic and isotropic material, which is not extremely soft so that the quasistatic simulation can be applied ͓9͔. Besides, the friction and air resistance are all neglected.
According to the study first made by Johnson ͓5͔, the transition point from a purely elastic stage to an elastoplastic one was taken as the onset of yield beneath the contact surface, with the corresponding central contact pressure equal to 1.61 y ͑ y is the smaller yield strength of sphere i and sphere j͒, which was taken as the mean pressure in the plastic zone by Thornton ͓7͔. FEA shows that the mean pressure in the plastic zone is more than 2 y ͓9͔, but less than 2.8 y as indicated by the theoretical model ͓6͔.
Stronge ͓6͔ pointed out that although the plastically deforming region enlarges as contact pressure increases, it remains confined below the surface for pressures throughout the range 1.1 Ͻ p m / y Ͻ 2.8 ͑p m is the mean pressure of the contact center͒, which is termed contained plastic deformation. In this elastoplastic range, the observable permanent indentation of the surface is small because plastic deformation is incompressible and the plastically deforming region is encased within an otherwise elastic body.
In this paper, we propose a new definition of transition point. Since the plastic region is small and fully contained by the material, which remains elastic in the elastoplastic range before the plastic region expands to the contact surface, the collision at a low velocity behaves more like an elastic impact, and thus it is reasonable to combine this range to the elastic compression phase. In this paper, we define the transition point as a point when the center of the contact area reaches yield and the corresponding mean pressure of the plastic region is taken as the contact pressure of rigid punch, which is about 2.57 y , since the radius of the contact area is far less than that of the contacting spheres.
To simplify the modeling, we further make the following assumptions.
͑1͒
The geometrical relationship in the elastic compression phase is still valid in the elastoplastic compression phase, as described in Eq. ͑3͒. ͑2͒ The pressure distribution in the elastic compression phase is still valid in the elastoplastic compression phase, as described in Eq. ͑6͒, with two boundary conditions, that when r = r p , p͑r͒ = p p and when r = r a , p͑r͒ =0. ͑3͒ The relationship between contact force and relative deformation in the elastic resilience phase is similar to that in the elastic compression phase.
Assuming these two spheres collide in a normal direction periodically, we consider the interval between their contact and separation as a period, which can be divided possibly into the following three phases: elastic compression phase ͑ECP͒, elastoplastic compression phase ͑EPCP͒, and elastic resilience phase ͑ERP͒.
Modeling at the Stage of ECP.
This stage begins when these two spheres contact and ends when the center of contact surface comes into yield. Deformation occurring in this phase is mainly elastic so that Hertz's elastic contact theory can be applied in this stage.
According to Hertz's theory ͓21͔, we have
where
͑1͒
Also from Hertz's theory, the relative deformation of the two spheres can be given by
From Eqs. ͑1͒ and ͑2͒, we obtain
Thus, the equation of motion in the elastic compression phase can be described as ͓5,6͔
where m ‫ء‬ is the equivalent mass of the spheres ͓7͔, and m
Assuming the compressive pressure in the elastic contact area is spherically distributed, and can be expressed as from Hertz's theory, 
Solving Eq. ͑5͒ and considering the boundary condition ␦ = v r − when ␦ = 0, we obtain the relative velocity in the ECP as follows:
͑8͒
At the end of the ECP, ␦ = ␦ e , thus we get
͑9͒
Integrating Eq. ͑8͒, and noticing the initial conditions ␦ =0 when t = 0, the relation of ␦ versus t can be deduced as
The instant t e at which the elastic compression phase ended can be expressed as
The expressions mentioned above are available in the book by Johnson ͓5͔.
Modeling at the Stage of EPCP.
This stage begins at the onset of yield on the contact surface and ends when the relative velocity of these two spheres decelerates to zero. With the increase in the contact force, the central plastic region gradually enlarges and the surrounding elastic boundary also gradually expands. Thus, the contact area can be divided into an inner circular plastic region and an outer annular elastic region surrounding the former. The contact force in the plastic region can be expressed as r p 2 p p . According to Eq. ͑6͒, the total contact force of the annular elastic region can be expressed as
In view of Eqs. ͑3͒ and ͑6͒, the total contact force over the whole contact area can be expressed as
Then, the motion equation in the elastoplastic compression phase can be written as
Solving Eq. ͑12͒ and considering the initial conditions of ␦ = ␦ e when ␦ = ␦ e , the relative velocity in the elastoplastic compression phase is
When ␦ = 0, that is, at the end of the elastoplastic compression phase, the relative deformation ␦ ep between the two spheres can be written as
͑14͒
In order to obtain the relation of relative deformation ␦ versus time t, Eq. ͑13͒ is integrated. In view of initial conditions ␦ = ␦ e when t = t e , we get the relation of ␦ versus t as follows:
The curve of ␦ versus t can be obtained by numerical integration methods. The instant t ep at which the EPCP ended can be expressed as
Modeling at the Stage of ERP.
This stage begins at an instant right after these two spheres rebounded and ends when they separated completely.
According to Eq. ͑4͒, we get the contact force in the ERP
where ␦ res is the irreversible plastic relative deformation.
Because the contact force at the end of the EPCP is equivalent to that at the beginning of the ERP, we have
From this equation we get
͑17͒
And the motion in the ERP can be expressed as
͑18͒
Solving Eq. ͑18͒ and considering the initial conditions of ␦ =0 when ␦ = ␦ ep , the relative velocity in the ERP can be expressed as
͑19͒
It is negative because the direction of relative velocity is opposite to that of the relative deformation in the ERP.
At the end of the ERP, ␦ = ␦ res , thus the relative velocity v r + at the end of the impact process can be expressed as
͑20͒
In order to obtain the relation of relative deformation ␦ versus time t, we integrate Eq. ͑19͒ considering the initial conditions of 
The energy loss is equivalent to the difference of the total kinetic energy before and after impact. According to the momentum conservation in the impact process we have
Substituting Eq. ͑22͒ into the equation above, the velocity of these two spheres after their collision can be expressed, respectively, as
According to the definition ͓23͔, the loss factor can be written
For equal masses, the loss factor can be written as
so for a fixed coefficient of restitution, the loss factor is maximum
The corresponding maximum value is 2 max =1 − e 2 .
Dynamic FEA Simulations
In order to verify the model proposed in this paper, we carry out dynamic FEA. The collision cases of identical spheres ͑see Sec. 3.1͒ and different ones ͑see Sec. 3.2͒ are both studied.
Impact Between Identical Spheres.
The axisymmetric models are created with the help of PATRAN software from MSC. The fine mesh is adopted in the 0.2R ͑the radius of colliding sphere͒ fan-shaped zone near the contact area, and the coarse mesh is used in other regions to save the possible computation time. The numbers before and after the symbol "/" represent, respectively, the number and the bias factor of mesh seed on this side, as shown in Fig. 2 . The quadrangular element meshes are obtained with the paver partition method, as shown in Fig. 3 .
The FEA simulations are carried out with the MARC MENTAT 2005 from MSC, and the transient contact model with large deformation and the Newton-Raphson iteration method with displacement convergence are adopted. The contact tolerance and time step are taken as 10 −8 m and 10 −6 s, respectively. In the simulation cases studied in this section, we assume that the two colliding spheres are identical in geometry and material, and their parameters are chosen as follows: elastic modulus E i = E j = 210 GPa, Poisson's ratio i = j = 0.25, yield strength yi = yj = 210 MPa, v i − =20 mm/ s and v j − varying among Ϫ20 mm/s, Ϫ15 mm/s, Ϫ10 mm/s, Ϫ5 mm/s, 0 mm/s, 5 mm/s, 10 mm/s, and 15 mm/s, and R i = R j varying among 0.5 mm, 1 mm, 2.5 mm, 5 mm, and 10 mm. Figure 4 shows the relationship between the relative deformation of two spheres and the duration time in an impact period. It can be seen that the results produced by the FEA simulations agree reasonably well with those obtained from the theoretical model expressed by Eqs. ͑10͒, ͑15͒, and ͑21͒. The deformation in an impact period cannot return to zero, which indicates that the deformation features elastoplasticity.
The velocities of two spheres and the loss factor after their collision are the results we are focused on. Figures 5 and 6 demonstrate the velocities of sphere i and sphere j after their impact, respectively; Fig. 7 indicates the loss factor in the process. It can be seen that the calculated results from Eq. ͑23͒ ͑Fig. 5͒, Eq. ͑24͒ ͑Fig. 6͒, and Eq. ͑25͒ ͑Fig. 7͒ show good agreement with those from FEA simulation. And the loss factor increases considerably when v j − Ͻ 0 ͑Fig. 7͒; that is, the energy loss will be enhanced if the spheres move in the opposite direction, which is consistent with the analytical result obtained at the end of Sec. 2. As shown in these figures, the theoretical predictions agree closely with the FEA simulation results from all cases listed above, which further validates the reliability of the proposed model.
Energy Dissipation Analysis Based on the Proposed Model
In this section, several primary parameters in the collisions are discussed to show their effect on loss factor on the basis of the 
Effect of Impact Velocity on Loss
Factor. According to Eq. ͑25͒, we obtain the relation between the loss factor and the velocity ratio of two spheres, as shown in Fig. 15 . The loss factor obviously increases when v j − / v i − Ͼ 0, especially when v j − / v i − = −1, which means when the two spheres have the velocity of the same magnitude but the opposite direction before their impact, the loss factor reaches to its maximum, which is in accordance with the analytical result obtained at the end of Sec. 2. In the range of v j − / v i − Ͼ 0, the loss factor decreases with the velocity ratio increasing, and the larger the velocity ratio, the lower the loss factor.
Effect of Yield Strength and Elastic
Modulus of Materials on Loss Factor. The most important material parameters on loss factor are the yield strength and the elastic modulus.
According to Eq. ͑25͒, Fig. 16 represents the dependence of the loss factor on the yield strength and the elastic modulus.
As shown in Fig. 16 , the loss factor increases with the yield strength decreasing. This reflects the fact that the yield strength enables the material to resist plastic deformation. The lower the yield strength, the easier the plastic deformation of the material, and the higher the loss factor. On the other hand, the elastic modulus is the measurement of the material's deforming ability. The higher the elastic modulus, the smaller the elastic deformation to occur before yielding, and the weaker the ability of the material to rebound, which implies more energy loss. This is also verified by the upper curves in Fig. 16. Figure 17 shows the effect of mass density on the loss factor. Larger density means larger mass and larger impact intensity. Thus the larger the mass density, the higher the loss factor, which is consistent with the experimental results from Panossian ͓24͔. 
Effect of Mass Density on Loss Factor.

Conclusions
In this paper, we first propose a theoretical model of elastoplastic impact for two spheres with low relative velocity, and verify it with FEA simulations, numerical results of which show good agreement with the predictions of analytical solutions for identical and different spheres. Based on this model, this paper also analyzes the deformation and dissipation nature of the elastoplastic impact system, and concludes that the materials with lower yield strength and higher elastic modulus dissipate more energy in the impact process, which provides a principle to select the material of impact partners in particle impact damper. Furthermore, the materials with larger mass density are shown to be favorable to increase energy dissipation in vibroimpact, which coincides with the observations from Panossian ͓24͔. In a word, the study provides a foundation to predict the performance of particle impact 
